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Fundamental Theorem of Calculus

The integral of the derivative of a function is equal to the
difference of the values of the function at the upper and lower
limits.

Let f : R — R be a function.
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Gradient Theorem

The dotted line integral of the gradient of a scalar field over a
curve is equal to the difference of the values of the scalar field at
the end points of the curve.

Let C be a curve from A to r. 2

Let f be a scalar field (a scalar function of space), so that f(r) is
a scalar.
Then Vf is a vector field.
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Divergence Theorem

The volume integral of the divergence of a vector field is equal to
the flux integral of the vector field over the boundary surface.

Let V be a volume with boundary surface S.
Let F be a vector field.
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Divergence is flux per unit volume.

» This equation can serve as a definition of the divergence.

P It is pleasing as a definition, because it makes no reference to
any particular coordinate system. It is a geometric definition.

» The practical drawback is that to use this as a definition, we
would need to develop all of integral vector calculus first,
before differential vector calculus. Perhaps some day | will
attempt this.

» In any case, whether this equation is thought of as a definition
or merely a property, knowing that divergence is flux per unit
volume is conceptually helpful.



Comparison of two divergence equations
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Stokes' Theorem

The flux integral of the curl of a vector field over a surface is equal
to the dotted line integral of the vector field over the curve
describing the boundary of the surface.

Let S be a surface with boundary curve C.
Let F be a vector field.
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» The orientation of the surface S is linked to the orientation of
the boundary curve C by a right-hand rule.



Notation

Let

VF be the set of all vector fields,
SF be the set of all scalar fields,
Vol be the set of all volumes,
Srf be the set of all surfaces,
Crv be the set of all curves,

Pts be the set of all pairs of points in space, and
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R be the set of all real numbers.



Boundary

» The boundary of a volume is a surface. If V is a volume, then
0V is a (closed) surface.

» The boundary of a surface is a curve. If S is a surface, then
JS is a (closed) curve.

» The boundary of a curve is a pair of points. If C is a curve,
then 0C is a pair of points.



Gradient Theorem

grad x id

SF x Crv > VF x Crv
id % al J

SF x Pts > R

eval, subtract
grad x id o
(f,.C) (VF,C)
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eval, subtract



Stokes' Theorem

curl x id
VF x Srf VF x Srf
id x al J
VF x Crv R
J
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Divergence Theorem

div x id
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VF x Srf R
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