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Spatial Derivatives

» In mechanics, time is the independent variable.

» In electromagnetic theory, there are four independent variables
(x, y, z, t).

> A field is a function of space or spacetime.

» Electromagnetic theory is a field theory.



Spatial Derivatives

» We can take partial derivatives in each coordinate.
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The Del Operator
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The Gradient

» The gradient takes a scalar field as input and produces a
vector field as output.

grad s :: ScalarField -> VectorField
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» The s :: R is a step size for the numerical derivative.



The Divergence

» The divergence takes a vector field as input and produces a
scalar field as output.

div s :: VectorField -> ScalarField




The Curl

» The curl takes a vector field as input and produces a vector

field as output.

curl s :: VectorField -> VectorField
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The Del Operator is a little trickier in cylindrical and
spherical coordinates.

<t

I

x>
Pl
e

_|_

N>
Nl

But,

+

<
+
N>

<L

N

(755%
S

+
D>

<l
S
~>
o gle

Sle ¥l



Dimensions of coordinates

Coordinate  Dimensions Expression Dimensions

) length X dimensionless
, ength o dimensionless
z length 5 . I .
Ix inverse lengt
S length % _ )
o | 98 dimensionless
angle )¢
| gth \Y inverse length
f cne 10
0 angle s 90 inverse length



Derivation of Del in Cylindrical Coordinates, page 1
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Derivation of Del in Cylindrical Coordinates, page 2
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Derivation of Del in Cylindrical Coordinates, page 3
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The Del Operator in Cylindrical Coordinates



Gradient in Cylindrical Coordinates
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Divergence in Cylindrical Coordinates
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Curl is only a 3 by 3 determinant in Cartesian coordinates.

Determinant works in Cartesian coordinates.
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Product rules

> () = 1¥) +5(97) _
> V- (FA) =f(V-A) +A-(V
> V x (fA)=f(V x A) — Ax
> V(A-B)=Ax(VxB)+B
> V- (AxB)=B-(VxA)—
> Vx(AxB)=(B-V)A—(



Second derivatives

grad s :: ScalarField -> VectorField
curl s :: VectorField -> VectorField
div s :: VectorField -> ScalarField
grad s grad s makes no sense
grad s curl s makes no sense
grad s div s ::  VectorField -> VectorField
curl s grad s :: ScalarField -> VectorField
curl s curl s :: VectorField —-> VectorField
curl s div s makes no sense
div s grad s :: ScalarField -> ScalarField
div s curl s :: VectorField -> ScalarField
div s div s makes no sense



Two second derivatives are always zero.

grad
curl
curl
div
div

n n n n n

div s
grad s
curl s
grad s
curl s

ﬁ

X
V(¥

VectorField ->
ScalarField ->
VectorField ->
ScalarField —>
VectorField ->

(V)=
f)

P> s is the step size to use in the derivative
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The divergence of the gradient is called the Laplacian.

grad s
curl s
div s

div s :: VectorField -> VectorField
curl s :: VectorField -> VectorField
grad s :: ScalarField -> ScalarField

V2f =V - (VF)
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