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Abstract

C. F. Gauss constructed coordinates on any surface in space so that

F =0, that is, so that the coordinate directions were orthogonal in a
neighborhood. In 1984, Dennis DeTurck and Dean Yang showed the
existence of orthogonal coordinates on any Riemannian 3-manifold. They
also showed that, for dimensions at least 4, there is a curvature
obstruction to the existence of orthogonal coordinates, in that curvature
components of the form Rjy, with all 4 indices distinct, will vanish if the
directions correspond to orthogonal coordinates.

Recently, Paul Gauduchon and Andrei Moroianu showed that there are no
orthogonal coordinates on CP” or HIP", with the standard metrics, if

n> 1. In the case of CP?, the curvature condition is inadequate to show
their result; a mysterious trick is used instead.

Today's talk will focus on 4 (real)-dimensional Kahler manifolds, their
elegant and special curvature, and how the underlying complex-analytic
structure lies behind Gauduchon and Moroianu's result, which reveals
further obstructions to the existence of orthogonal coordinates.



Curvature

Given a manifold M with Riemannian metric, gj := <8ix,-’ %>, B. Riemann
constructed the curvature tensor to measure the shape, or curvature, of
the space. Geometrically, this tensor gives the Gaussian curvature for each
2-dimensional direction plane at each point. The formulation begins with
the covariant derivative V x Y, measuring how a vector field Y deviates
from parallel as you move in the direction of a tangent vector X. What
accomplishes that is the expression, called the Riemann-Christoffel
curvature tensor, for each triple of vector fields X, Y, Z,

RxyZ = V[X’Y]Z*Vx(VyZ)jLVy(VXz),

from which you can compute the Gaussian curvature in the directions
spanned by X and Y by the “diagonal” terms (Rxy X, Y) . The idea is that
this tensor gives the deviation from flatness, the geometry, of the space.



Orthogonal coordinates

A Riemannian manifold M"” with Riemannian metric (, ) has orthogonal
coordinates {x1,...,x,} in a neighborhood U if, for each point x € U,
<£</’ a%> = 0 whenever i # j. If each point of M has orthogonal

coordinates in some neighborhood, then we say that M has orthogonal
coordinates or supports orthogonal coordinates. Given an orthogonal

coordinate system, set a; := ‘

= <88,, §>. The associated frame
X; X;

{e1,...,en} is defined by setting e; := al,-a%-- From the definitions of the

covariant derivative and Riemann curvature tensor, Gauduchon and
Moroianu show the following useful results.
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Proposition

[Gauduchon and Moroianu] Let M be a Riemannian manifold with
orthogonal coordinates on a chart U, with associated frame {e1, ..., ep}.
Then,

Q Ifi#j, then Ve = 2e;(a;) e, so [ei, ] = al,-ej (aj) &i — alje,- (aj) &

aj
@ Veei=—2i5¢(a)e
© Foranyi#j,

Rijj = <Re,-ej€i, &)
1 1 1 1
= =—FEFG (aj) — — €€ (ai) - Z (el (ai) —€ (a.i)>
aj aj oy’ aj aj
1 1 1
Rijik = {Ree;€ir k) = — & (ai) + 5 (ai) pa (a)) -
1

g J

Q Ifi,j, k, I are all distinct, <Re,ejek, e/> = Ry = 0.




The algebra of curvature tensors

The space of all such algebraic curvature operators in dimension n is the
space R, of symmetric homomorphisms of Ay (R") = Ay (T, (M, x)), with
the standard induced inner product on Ay (R"), defined by

(R(vi A va),v3 Ava) = (R(u;,v)V3, va), which, due to the identities of the
curvature tensor such as Rxy = —Ryx, gives a linear operator

R:N(R") — Ay (R")

which is symmetric.



Decomposition

50(n) operates on this space induced from its natural action on R”,

which, following Weyl, decomposes R, into an orthogonal direct sum of
invariant subspaces:

Rn = ZORICoODWSDS,

where:

@ 7 are all multiples of the identity operator,

o for p: R, — R"oR" the Ricci contraction
(p(R)v,w) =S (R(vAe),wAe)RICy := ker (p) N T+
corresponds to the trace-free portion of the Ricci tensor,

o S:= ker(b)L are those tensors orthogonal to the kernel of the
Bianchi map b: R, — R, defined by

b(R)(VLVz) vz = R(V1,V2)V3 + R(V27V3)V1 + R(V37V1)V2, and
e W = ker (p) N ker (b) is the Weyl tensor component.



Dimension 4

In dimension 4 this decomposition has a particularly simple form, due to
Atiyah-Hitchen-Singer and LeBrun. In that dimension the Hodge star
operator x : Ay (R*) — A, (R?) is itself a curvature operator; in particular
it is a basis of the space S of operators orthogonal to ker (b). The
operator * is defined on any oriented orthonormal frame {e1, e, €3, €4} by
x(e1Ne)=esNeq, x(e1Ne3)=—ex Neq, and x(e1 N eg) = e N €3,
Since «2 = Id, it decomposes Az (R*) into two 3-dimensional subspaces
/\;r (R4) and A, (R4) consisting of the +1-eigenspaces of «,

/\;(R“):Span{el/\eg—l—eg/\e4,e1/\e3—eg/\e4,e1/\e4—|—ez/\e3}
and
Ay (R*) =Span{eiNex —esNes,e1 Aes+exNes, et Aes — e Aes}.

For a curvature form R on an oriented 4-manifold M, its Weyl tensor

W (R) € W, decomposes as W (R) = W (R) + W~ (R), where
WT(R): A3 (R*) = A (R*) and W (R) : A5 (R*) — A5 (R?) are the
orthogonal projections of W (R) onto the indicated subspaces. A manifold
is self-dual if W~ (R) =0, and anti-delf-dual if W (R) = 0.



Curvature structure

Given any oriented frame {e1, 2, €3, €2}, we will use the adapted frame,
writing A; (R4) = /\;r (R4) DA, (R“),
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Curvature structure

Given any oriented frame {e1, 2, €3, €2}, we will use the adapted frame,
writing A; (]R4) = /\;r (R4) DA, (]R“)

1

— (e Next+eANe), —(el/\eg—eg/\e4) (e1Nes+eNes),
{\@ V2 f

1 1
(61/\62—63/\64),(61/\€3+62/\€4),(61/\64—62/\63)}.
V2 V2 V2

Proposition

Singer-Thorpe, AHS, LeBrun Any R € R4 satisfying the Bianchi
identity decomposes into 3 x 3 blocks:

:{W+(R)+{2/d s (p (Ro)) ]
s(p(Ro))" | W= (R)+ f3/d

with respect to the adapted frame of any orthonormal frame {ey, ..., es},
where r = 2tr (R) is the scalar curvature r = tr (p (R)),
p(Ro) = p(R) — 71, and s is the right inverse of the Ricci projection p.

. - = = e
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Surfaces

On an oriented surface %, isothermal coordinates, coordinates so that the
metric is of the form g = e* (dx2 + dy2) always exist. The beauty of
these coordinates is that they also give the notion of complex structure to
the surface; the tangent planes can be thought of as the complex
numbers, that is, there is a map J: T, (X, x) — T, (X, x) rotating each
vector by +7 (or multiplying by i). This map J is called an
almost-complex structure, and satisfies J2 = —Id. But, in isothermal
coordinates charts, that rotation angle is preserved by the differential of
those coordinates, which is exactly the Cauchy-Riemann equations, so the
coordinate transformations between two such charts is holomorphic,

(pop™), (IX)=J(¢ov™ 1), (X),

or the almost-complex structure is integrable.



Higher dimensions

It is reasonable to ask whether these ideas always extend to higher
dimensions. That story becomes complicated. In dimension 3 or higher,
isothermal coordinates (called locally conformally flat in higher dimensions)
don't usually exist. Dimension 3 is subtle, but in dimension 4 or higher the
obstruction to locally conformally flat metrics is the Weyl! tensor.

In higher even dimensions, the existence of an almost-complex structure is
not guaranteed (S* does not have one), and integrability, the existence of
holomorphic coordinate changes, is even more restrictive. Spaces which
are complex varieties inside complex projective space always are complex
manifolds, as are spaces like S3 x S1.



Kahler manifolds

A rich and elegant collection of complex manifolds, called Kahler
manifolds, are complex manifolds with a Riemannian metric ds® = (,)
which is compatible with the complex structure, or is Hermitian, if
(UX,JY) = (X,Y), that is, if J is orthogonal. In addition, we want the
almost-complex structure to be integrable, and we add one more
condition, called the Kahler condition, that the Kahler form

w(X,Y) = (X,JY)

is a closed 2-form. These two conditions are equivalent to the the almost
complex structure tensor being parallel, VJ = 0. Kahler manifolds include
complex subvarieties of CIP”, so we think of them as the most natural
complex manifolds.



Complex structure's multiple realities

If M is a Kahler manifold, the complex-structure tensor J, given by

J(e;) = ajje;, is an isometry on each T, (M, m) = R* satisfying J° = —Id,
so that J is also skew-symmetric. Identifying o (4) with A, (R*), J
becomes the bivector | € Ay (]R“), the metric dual of the Kahler form,
I'=3i<;ajei A ¢ In dimension 4, the orientation is consistent with the
complex structure if | € /\; (R4), so for any oriented frame {e1, e, €3, €4},
I=ap(etNext+esNey)t+aizs(erNes—exANeg)+as(erNes+ e Aes)
with a2, + a2, + a?, = 1. As an operator on the tangent space, then, in
dimension 4,
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= aipex + aizes + awseq
—aioe; + aise3 — aizes
—ajze; — ayse2 + ainey

= —ape; + aize — apes.
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J and x as curvature operators

J can be extended to an algebraic curvature operator

J: A2 (R*) = Az (R*) by J(vAw) :=J(v)AJ(w).

J: N\ (R4) — N2 (R4) Like the Hodge star operator , J is idempotent,
J? = Id, with a 4-dimensional eigenspace for the eigenvalue 1, and a
2-dimensional eigenspace for the eigenvalue —1. Since Jx = xJ, J and %
are simultaneously diagonalizable. J|,~ sy : Ay (R*) — A5 (R?) is the
identity, and J (/) = I, where [ is as above. The orthogonal complement of
I within A (R“) is the (—1)-eigenspace, spanned by

ais (61 Ne +e3 A 64) — a1 (61 Ne3 —e A 64) and
au(erNex+e3Nes)—ap(er Nes+ e A e3).



Kahler curvature operators

If R is a curvature operator corresponding to a Kahler 4-manifold, then
b(R) =0 and

RJ=JR =R,

so that in the (—1)-eigenspace of J, I NAJ (R*) = {¢[JE = —¢},
=R (&) = R(JE) = R(€), so R(£) =0.

The conditions for R to be Kahler then become simply

0 = R(an(etNes—exNey) —aiz(erNex+e3Ney)), and
= R(ap(aaNeat+eAea)—au(aNe+eNe)),



Kahler-adapted frame

Re-write the curvature tensor R with respect to this frame:

1 a a
\ﬁl,$(e1/\e2+e3/\e4)—$(e1/\e3—e2/\
\/2 (a3, + af3) 2 (a2, + af3)
a4

a2
—  (aNet+arag) - ——— (a1 Nes+ e N e3),
\/2 (a3, + ay) 2 (a2, + i)
1

1 1
ﬁ(el/\eg—eg/\ez;),ﬁ(el/\e3+egAe4),ﬁ(el/\e4—e2/\e3)}.

The second and third vectors are a basis of the —1-eigenspace of J.



Notation

Set, for all /,j

pi =p(R);= Z Rikjis
pory

the components of the Ricci tensor, and, with k1 < ky and i < j
Pi = Rikjky — Rikojkys

which correspond to the components of the Weyl tensor (in dimension 4).



z 00 ﬁ (P24 — p13) 2312 (P23 — p14) % (P34 — p12)
0 0 O 0 0 0
0 0 O 0 0 0
2
LRz (P23 —p1a) 3 (P2a+ P13)
2
T 2 (P23 — pra) L+ 2Ri34 %2(ﬁ34 — p12)
T(poa+p13)  S(Psa—pr2) L — 2Ry




; (p2a — p13) 3 L (p23 — p1a) %2 L (p3a — p12)
% — 2R1234 % (P23 — p1a) 3 (P24 + p13)
3 (P23 — p1a) % +2Ri34 3 (P3a — Pr2)
3 (P2a+p13) 5 (P3a— pr2) ai‘r — 2R2314



Fubini-Study metric on CP?

As an example, for any frame, the curvature of the standard Fubini-Study
metric of complex projective 2-space has the form

6 0 0 0
R o_ |0 6a7, — 2R1234 0 0
0 0 6a2; + 2R1304 0
|0 0 0 6a7, — 2Rp314
(6[/0 0 0
o — |0]200
— oo 20
| 0]0 0 2




Product metric

A simple example of a space which supports orthogonal coordinates is a
(local) Riemannian product of two Riemann surfaces ¥; and ¥ of
Gaussian curvatures r; and ry, respectively. With respect to the obvious

unitary frame with {e;, e}, resp., {es3, es} being frames of the two
surfaces,

n+rn | n—r

N
N

n—rn [ ntrn

O ON
o OoOnN
o O OoOlo
o O OO



Orthogonal coordinates and Kahler 4-manifolds

Now we assume that M* is a Kahler manifold, and that it supports
orthogonal coordinates. The only thing that changes in the expression of
the curvature operator, using a frame associated to the orthogonal
coordinates, is that the terms Rjj vanish when all four indices are distinct.

b (P224 —p13) 52z (P23 — p1a) 5= (p3a — p12)
as,r A~ A
R — e 3 (P23 3, —p1a) 5 (Paa+ pr3)
T | 3 (P23 — pra) a7 3 (P34 — p12)

1
2
3 (P2a+p13) 5 (P3s— pr2) ﬁf



Orthogonal coordinates and Kahler 4-manifolds

Now we assume that M* is a Kahler manifold, and that it supports
orthogonal coordinates. The only thing that changes in the expression of
the curvature operator, using a frame associated to the orthogonal
coordinates, is that the terms Rjj vanish when all four indices are distinct.

b (P224 —p13) 52z (P23 — p1a) 5= (p3a — p12)
apr 1 (" _5 1(s
B 2 2 (P23, p14) 5 (P24 + P13)
R - T 1 al3r 1
5 (P23 — P1a) . 5 (P34 — p12)
3 (P2a+p13) 5 (P3s— pr2) ﬂf

However, beyond these curvature conditions, the condition that the Kahler
form be parallel, VJ = 0, or, equivalently,

Vx (JY) = JVxY

is stronger.



VJ=0

If M has orthogonal coordinates as above, with frame ¢; = %%, vJ
is equivalent to

a2 [ e (a1) a2
aie ai3 = €3 (31) X a3
| a1s | | ez (a1) as
[ a2 ] [ —ei(a2) ] [ a2 |
are ai3 = —es(a) | x| a3
| a14 | | es(a2) | | aus |
[ a2 ] [ es(az) | [ a2 |
ases ai3 = —€1 (83) X a3
| a14 | | —ex(a3) | | aus |
[ a1p ] [ —e3(as) | [ a2 |
ases a3 = e(as) | x| a3
| 214 | —ei(as) | [ aus |




Uniqueness of J

If a nontrivial M supports orthogonal coordinates, then, of course, there
are several such coordinate systems, which overlap. A coordinate change
from one orthogonal coordinate system to another would not seem to
preserve in any way the complex structure. However, on a non-flat
manifold the complex structure will be preserved (The change of
coordinates may not be holomorphic, but is so up to “scaling.”)
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Definition
A hyperkahler manifold is a Riemannian manifold with 3 integrable almost
complex structures /, J, and K = IJ, for which the metric is Kahler with
respect to each, and so that /> = J? = K? = —Id. (E. Calabi) Think of

the quaternions.




Uniqueness of J

If a nontrivial M supports orthogonal coordinates, then, of course, there
are several such coordinate systems, which overlap. A coordinate change
from one orthogonal coordinate system to another would not seem to
preserve in any way the complex structure. However, on a non-flat
manifold the complex structure will be preserved (The change of
coordinates may not be holomorphic, but is so up to “scaling.”)

Definition

A hyperkahler manifold is a Riemannian manifold with 3 integrable almost
complex structures /, J, and K = IJ, for which the metric is Kahler with
respect to each, and so that /> = J? = K? = —Id. (E. Calabi) Think of
the quaternions.

If there are two distinct complex structure tensors J, K on an orthogonal
coordinate chart that both correspond to Kahler structures in the
neighborhood, then the metric will be hyperkahler on that chart.




b12
If both J and K satisfy the conditions, with K given by | bi3 |, then,
L b14 -
a2 b2
using those equations, it is easy to show that | a3 | - | b1z | is
a4 | bis |
constant. Then, you can construct yet another Kahler structure L given by
c12 b1z a1 b2 a1z
as | = biz | — aiz | - | b3 a3 ||, and the
C14 | b14 ala b1s aia
a2 C12
vector | aiz | X | ci3 | will also correspond to a Kahler structure,
L d14 C14

corresponding to JL, which then will be hyperkahler. []




Hyperkahler

No Kahler metric on a manifold M* supporting orthogonal coordinates is
hyperkahler, unless it is flat. Thus no K3 surface supports orthogonal
coordinates.




Hyperkahler

No Kahler metric on a manifold M* supporting orthogonal coordinates is
hyperkahler, unless it is flat. Thus no K3 surface supports orthogonal
coordinates.

Corollary

| A\

If M* is a nowhere flat Kihler manifold with orthogonal coordinates, the
complex structure is uniquely determined on each coordinate chart.

.




Constants

If M is a 4-dimensional Kihler manifold with orthogonal coordinates, and
if the coefficients aj; of the complex structure tensor J with respect to the
associated frame {e;, e, €3, €4} are constant, then necessarily M is either
locally a product of Riemann surfaces, or it is flat.




Constants

If M is a 4-dimensional Kahler manifold with orthogonal coordinates, and
if the coefficients aj; of the complex structure tensor J with respect to the
associated frame {e;, e, €3, €4} are constant, then necessarily M is either
locally a product of Riemann surfaces, or it is flat.

Gauduchon and Moroiano show this result in a special case
(a12 = a13 = ais = \/ig) a similar proof holds for any constants. []




Self dual

If M* is a self-dual Kahler 4-manifold which supports orthogonal
coordinates, then M s flat, or a product X, X ¥._, of constant curvature
Riemann surfaces.




Self dual

If M* is a self-dual Kihler 4-manifold which supports orthogonal
coordinates, then M s flat, or a product X, X ¥._, of constant curvature
Riemann surfaces.

Assuming that M is self-dual, then with respect to a frame {e1, e, €3, €4}
from an orthogonal coordinate chart,

0 = W (R)
K (a2 —3) 3(Ps— ﬁi4) (P24 + f13)

= |3 (P23 — p1a) 1£ (at3—3) 3(Psa— ﬁllz)

3 (Poa+P13) 5 (P3a—pra) 5 (a4 —3)

NI=N[ =

so that, either r =0, or a2, = a; = a?, = 1. In the first case, the

manifold must be conformally flat, thus elther flat or a product of
Riemann surfaces with opposite constant curvatures. The conclusion then
follows from the previous result. []




CP?

Corollary

CP? with the Fubini-Study metric does not support orthogonal
coordinates.




Corollary

CP? with the Fubini-Study metric does not support orthogonal
coordinates.

.

This is the result of Gauduchon and Moroianu, and follows by the fact
that CP? is indeed self-dual. )




CP?

CP? with the Fubini-Study metric does admit a frame {e1, e, e3, €4} so
that Ri234 = R1324 = Ri423 = 0.




CP? with the Fubini-Study metric does admit a frame {e1, €, €3, €4} so
that Ri234 = R1324 = Ri423 = 0.

Start with a unitary frame {u1, uo = Juy, u3, us = Jup}. Then

e = W0
N S IO U
V3T V2 Ve
. 1 V2
= —=Up — —=U,.
4 \/g \/§4

This gives a frame {e;, e, €3,€4} on CP?, which satisfies the conditions
aip = a13 = a4 = % for the complex structure tensor with respect to

+hat frame and R.... — 0O whenawver all indicac ara Adictinct |




Thanks.

[@ Chern, Shing-Shen, An Elementary Proof of the Existence of
Isothermal Parameters on a Surface, PAMS, 6 (1955), 771-782.

[§ DeTurck, D., and Yang, D. Existence of elastic deformations with
prescribed principal strains and triply orthogonal systems, Duke
Mathematical Journal, 51(2), (1984), 243-260.

[d Gauduchon, Paul and Moroianu, Andrei, Non-existence of orthogonal
coordinates on the complex and quaternionic projective spaces, J.
Geom. Phys. 155 (9), 103770 (2020).

@ LeBrun, C. Anti-Self~-Dual Metrics and Kahler Geometry. In: Chatterji,
S.D. (eds) Proceedings of the International Congress of
Mathematicians. Birkhauser, Basel, 1995.

[@ Singer, I. M., and Thorpe, J., The curvature of 4-dimensional Einstein
spaces, Global Analysis: Papers in Honor of K. Kodaira, Princeton
University Press. (1969).

ﬁ Tanno, Shiikichi, 4-dimensional conformally flat Kihler manifolds,
TAlh~L:i: Ma+th I~ativee D91 1079\ EN1 ENA



