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The Associahedron K,

Let n > 2. The associahedron K, is an (n — 2)-dimensional
contractible polytope constructed by J. Stasheff (1963) whose
faces are indexed by up-rooted planar trees with n leaves
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The Associahedron Ky
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Ai-Algebras

Let 2 < k < 0co. An Ag-algebra consists of
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Ay-Algebras

Let 2 < k < 0co. An Ag-algebra consists of

e a dg vector space (A, d), where |d| = +1
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Ay-Algebras

Let 2 < k < 0co. An Ag-algebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w,, : A" — A | n > 2},

where |w,| =2 —nand n < k when k < o
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Ay-Algebras

Let 2 < k < 0co. An Ag-algebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w,, : A" — A | n > 2},
where |w,| =2 —nand n < k when k < o

e structure maps {«a, : (CC, (K,),0) — (Hom (A®",A),V)},

—_—

Wherean<ﬂ+k):wnand Vf=dof+fod®

(signs ignored)
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Ay-Algebras

Let 2 < k < 0co. An Ag-algebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w,, : A" — A | n > 2},
where |w,| =2 —nand n < k when k < o

e structure maps {«a, : (CC, (K,),0) — (Hom (A®",A),V)},

Wherean<ﬂ+k):wnand Vf=dof+fod®

(signs ignored)
An Ag-algebra is strict if Vw, =0 for all n
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Ay-Algebras

Let 2 < k < 0co. An Ag-algebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w,, : A" — A | n > 2},
where |w,| =2 —nand n < k when k < o
e structure maps {«a, : (CC, (K,),0) — (Hom (A®",A),V)},
where a, (4{‘\) =wpand VF=dof+fod®
” (signs ignored)

An Ag-algebra is strict if Vw, =0 for all n

e Strict As-algebras are associative

TGTS 10-4-2024



The Coassociahedron K"

Let n > 2. As a polytope, K" = K|, with faces indexed by
down-rooted planar trees with n leaves
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The Coassociahedron K*#
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of

e a dg vector space (A, d), where |d| = +1
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w" : A — A®" | n > 2},

where |w"| =2 — nand n < k when k < oo
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w" : A — A®" | n > 2},
where |w"| =2 — nand n < k when k < oo

e structure maps {a" : (CC, (K™),0) — (Hom (A, A®") ,V)},

n

wherea"(\?) =whand VF=d®of+fod
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w" : A — A®" | n > 2},
where |w"| =2 — nand n < k when k < oo

e structure maps {a" : (CC, (K™),0) — (Hom (A, A®") ,V)},

n

wherea"(\?) =whand VF=d®of+fod

An Ag-coalgebra is strict if Vw"” =0 for all n
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Ay-Coalgebras

Let 2 < k < co. An Ag-coalgebra consists of
e a dg vector space (A, d), where |d| = +1
e multilinear operations {w" : A — A®" | n > 2},
where |w"| =2 — nand n < k when k < oo

e structure maps {a" : (CC, (K™),0) — (Hom (A, A®") ,V)},

n

wherea"(\?) =whand VF=d®of+fod

An Ag-coalgebra is strict if Vw"” =0 for all n
e Strict As-coalgebras are coassociative
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The Biassociahedron KK}

Let m,n > 1 and m+ n > 3. The biassociahedron KK/, is an
(m + n — 3)-dimensional contractible polytope constructed by S.
Saneblidze and U (2022) with faces indexed by m-in/n-out

upward-directed graphs

X
K

X

X
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The biassociahedron KK§
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The Biassociahedron KK}

Let m,n > 1 and m+ n > 3. The biassociahedron KK/, is an
(m + n — 3)-dimensional contractible polytope constructed by S.
Saneblidze and U (2022) with faces indexed by m-in/n-out
upward-directed graphs

X

X| o |%
% &
X

The biassociahedron KK§

o KK! =K, =K"= KKJ
TGTS 10-4-2024



Ai-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of

e a dg vector space (H, d), where |d| = +1
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of

e a dg vector space (H, d), where |d| = +1
e multilinear operations {w”, : H®™ — H®" | m + n > 3},

where |w)| =3 —m—nand m+ n < k when k < co
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of

e a dg vector space (H, d), where |d| = +1
e multilinear operations {w”, : H®™ — H®" | m + n > 3},
where |w)| =3 —m—nand m+ n < k when k < co

e structure maps
{a" + (CC. (KK™),8) — (Hom (H®™, H®") | W)},
n
where o (X) =w and VF =d®of + fod®

m
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of
e a dg vector space (H, d), where |d| = +1
e multilinear operations {w”, : H®™ — H®" | m + n > 3},
where |w)| =3 —m—nand m+ n < k when k < co

e structure maps
{al : (CC. (KK}, 0) — (Hom (H®™ H®") V)},
n
where o (X) =w and VF =d®of + fod®

m

An Ag-bialgebra is strict if Vw]}, =0 for all m and n
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of

e a dg vector space (H, d), where |d| = +1
e multilinear operations {w”, : H®™ — H®" | m + n > 3},
where |w)| =3 —m—nand m+ n < k when k < co

e structure maps
{al : (CC. (KK}, 0) — (Hom (H®™ H®") V)},
n
where o (X) =w and VF =d®of + fod®

m

An Ag-bialgebra is strict if Vw]}, =0 for all m and n

o Ay-algebras are Ay 1-bialgebras with w}, =0 for all n > 1
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Ay-Bialgebras
Let 3 < k < oco. An Ai-bialgebra consists of
e a dg vector space (H, d), where |d| = +1
e multilinear operations {w”, : H®™ — H®" | m + n > 3},
where |w)| =3 —m—nand m+ n < k when k < co

e structure maps
{al : (CC. (KK}, 0) — (Hom (H®™ H®") V)},
n
where o (X) =w and VF =d®of + fod®

m

An Ag-bialgebra is strict if Vw]}, =0 for all m and n
o Ay-algebras are Ay 1-bialgebras with w}, =0 for all n > 1

e Strict As-bialgebras are graded Hopf algebras
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Structure Maps and Relations

e For simplicity denote y1 := w3} and A := w?
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Structure Maps and Relations

e For simplicity denote y1 := w3} and A := w?

e Let o, denote the canonical permutation

(H1®---®Hm)®”%H1®"®--~®H§;"
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Structure Maps and Relations

e For simplicity denote y1 := w3} and A := w?

e Let o, denote the canonical permutation

(H1®'--®Hm)®”%H1®"®--~®H§;"

e «) identifies each cell of KK}, with a composition of

w-operations, e.g.,

o3 (@) = (u® p)or2(A ® A)
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Structure Maps and Relations

e For simplicity denote y1 := w3} and A := w?

e Let o, denote the canonical permutation

(H1®...®Hm)®”%H1®”®...®H§;"

e «) identifies each cell of KK}, with a composition of

w-operations, e.g.,

o3 (@) = (u® p)or2(A ® A)

e Combinatorics of KK} encode the structure relation
n

v, = (a00) (X))

m
TGTS 10-4-2024



The Differential is a Biderivation

KK} - *

Vu=dp+pu(d®l+1®d)=0
dp=p(d®1+1® d)
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The Differential is a Biderivation

KK} - *

Vu=dp+pu(d®l+1®d)=0
dp=p(d®1+1® d)

Dually, KK? is a point and d is a coderivation

Ad=(d®1+1®d)A
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The Differential is a Biderivation

KK} - *

Vu=dp+pu(d®l+1®d)=0
dp=p(d®1+1® d)

Dually, KK? is a point and d is a coderivation

Ad=(d®1+1®d)A

e The differential in an Ax-bialgebra is a biderivation
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Homotopy Biassociativity

I .

Vi = p(p® 1)+ u(1 @ p)
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Homotopy Biassociativity

I .

Vi = p(p® 1)+ u(1 @ p)

o Strict Ay-bialgebras are biassociative

pp®l)=p(lep)
(A®1)A = (1 A)A
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Homotopy Compatibility

LD e

Vs = Ap+ (1@ p)oa (A © A)
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Homotopy Compatibility

LD e

Vs = Ap+ (1@ p)oa (A © A)

e Strict Ay-bialgebras are dg Hopf algebras

Ap = (p® p)o22(A®A)
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Decoding the KK? Structure Relation

X
X

X X
K R

2
Vws
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Decoding the KK? Structure Relation

X
X

X
R

g X
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Decoding the KK? Structure Relation

X
K

X

X

¥ &

Vwi = Awi +wi(p®@1+10 pu)

X
R
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Decoding the KK? Structure Relation

X
X[ o |%
% $

%

Vw3 = Aw +0i(p@1+1@ p)

+ (1@ p)o22(ws ® A+ A ®w3)
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Decoding the KK? Structure Relation

X
X[ o |%
% $
X

Vw3 = Aw +0i(p@1+1@ p)

+ (1@ p)o22(ws ® A+ A ®w3)

+(1(p 1) @ wh + w0l @ u(1© 1)) 72307
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Decoding the KK? Structure Relation

X
K

X

X

¥ &

Vw3 = Aw +0i(p@1+1@ p)

X
R

+ (1@ p)orp(wi ® A+ A® w)

+(1(p 1) @ wh + w0l @ u(1© 1)) 72307

o All structure relations are decoded in a similar way
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A Topological Application

o Let a; € H' (S";Z,) and b € H3 (ECP?; Z5)
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A Topological Application

o Let a; € H' (S";Z,) and b € H3 (ECP?; Z5)

e Consider the total space X in the Postnikov system

K(ZQ,4) — X — LK (22,5)
P \

($2x S}y vecP? L K(Z,5)
aras + Sq°b — L5

f'*
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A Topological Application

o Let a; € H' (S";Z,) and b € H3 (ECP?; Z5)

e Consider the total space X in the Postnikov system

K(ZQ,4) — X — LK (22,5)
P \

($2x S}y vecP? L K(Z,5)
aras + Sq°b — L5

f'*

o H*(X;Z) = {1, a2, a3, b, araz = Sq2b, .. -}
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A Topological Application

Let a; € H' (S':Z,) and b € H3 (SCP?; Z,)

Consider the total space X in the Postnikov system

K(ZQ,4) — X — LK (22,5)
P \

($2x S}y vecP? L K(Z,5)
aras + Sq°b — L5

f'*

H* (X;Z2) = {1, a3, a3, b, axa3 = Sq°b, ...}

o H*(QX;Z>) is a graded Hopf algebra
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A Computational Model for H*(2.X)

o A:= H*(X;Zy) is a graded commutative algebra
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A Computational Model for H*(2.X)

o A:= H*(X;Zy) is a graded commutative algebra

e The bar construction BA with standard differential dga and
free coproduct A is a dg coalgebra
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A Computational Model for H*(2.X)

o A:= H*(X;Zy) is a graded commutative algebra

e The bar construction BA with standard differential dga and
free coproduct A is a dg coalgebra

e There is a perturbation p of the shuffle product
sh([a] @ [b]) := [alb] + [b]a],
which acts as the shuffle product except

p([b] @ [b]) = [aca3] = dpalaz|as]
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A Computational Model for H*(2.X)

o A:= H*(X;Zy) is a graded commutative algebra

The bar construction BA with standard differential dga and
free coproduct A is a dg coalgebra

There is a perturbation p of the shuffle product
sh([a] @ [b]) := [alb] + [b]a],
which acts as the shuffle product except
p([b] ® [b]) = [a2a3] = dpalaz|as]

Let uy and Ay be the induced operations on H := H* (BA)
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A Computational Model for H*(2.X)

o A:= H*(X;Zy) is a graded commutative algebra

The bar construction BA with standard differential dga and
free coproduct A is a dg coalgebra

There is a perturbation p of the shuffle product
sh([a] @ [b]) := [alb] + [b]a],
which acts as the shuffle product except

p([b] @ [b]) = [aca3] = dpalaz|as]

Let uy and Ay be the induced operations on H := H* (BA)

(H, uy, Ap) =~ H* (Q2X;Zy) as graded Hopf algebras
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Transfer of dg Hopf Algebra Structure

The Transfer Theorem (Saneblidze-U 2011)

For H as above, a cocycle-selecting map g : H — BA induces an
Aso-bialgebra structure

w = {wh : H®™ — H®"

TGTS 10-4-2024



Transfer of dg Hopf Algebra Structure

The Transfer Theorem (Saneblidze-U 2011)

For H as above, a cocycle-selecting map g : H — BA induces an
Aso-bialgebra structure

w = {wh : H®™ — H®"

Proposition Denote o1 := cls[a;] and § := cls[b] in H.

Following the proof of the Transfer Theorem
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Transfer of dg Hopf Algebra Structure

The Transfer Theorem (Saneblidze-U 2011)

For H as above, a cocycle-selecting map g : H — BA induces an
Aso-bialgebra structure

w = {wh : H®™ — H®"

Proposition Denote o1 := cls[a;] and § := cls[b] in H.
Following the proof of the Transfer Theorem
wi(B® B ® o) = alaz|o
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Transfer of dg Hopf Algebra Structure

The Transfer Theorem (Saneblidze-U 2011)

For H as above, a cocycle-selecting map g : H — BA induces an
Aso-bialgebra structure

w = {wh : H®™ — H®"
Proposition Denote o1 := cls[a;] and § := cls[b] in H.
Following the proof of the Transfer Theorem

wi(B®B®a1) = ailaz]ar
w%(ﬁ@ﬁ):oq@az and wy =
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Transfer of dg Hopf Algebra Structure

The Transfer Theorem (Saneblidze-U 2011)

For H as above, a cocycle-selecting map g : H — BA induces an
Aso-bialgebra structure

w = {wh : H®™ — H®"
Proposition Denote o1 := cls[a;] and § := cls[b] in H.
Following the proof of the Transfer Theorem
wi(B® B ® o) = alaz|o
wWwi(B®B)=a1®ay and W} =
° (H,,uH,AH,w%,wg) is a “Gerstenhaber-Schack bialgebra”
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
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The Gerstenhaber-Schack Complex
The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d

0 is induced by the bar differential
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d

0 is induced by the bar differential
0 is induced by the cobar differential
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d

0 is induced by the bar differential
0 is induced by the cobar differential

e Total differential D=V +0+9
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d

0 is induced by the bar differential
0 is induced by the cobar differential

e Total differential D=V +0+9

e The subspace of total r-cochains in degree p

CeE(HH)y:= @  HomP (H®™ H®")
p+m+n=r+1
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The Gerstenhaber-Schack Complex

The Gerstenhaber-Schack (G-S) Complex of a dg Hopf algebra
(H,d, p, A) is the triple complex

(Hom*(H®™ H®") V., d,4)
where
V is induced by d

0 is induced by the bar differential
0 is induced by the cobar differential

e Total differential D=V +0+9

e The subspace of total r-cochains in degree p

CeE(HH)y:= @  HomP (H®™ H®")
p+m+n=r+1

e The rt" G-S cohomology group in degree p

Hgg (H; H) := H* (Cg.g (H, H), D) TGTS 10-4-2024



A 2-Cocycle with m+n <4

o
<

D(ol + ¢+ @2+ 0l + 03 +¢3) =0
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The KK3 Structure Relation (revisited)

Vw? =wi(p®1+1@pu)+ (1@ p)ora(ws ® A+ A®wl)
+Awl + (u(,u l)wit+wiou(le /L)>U2,3A®3
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The KK3 Structure Relation (revisited)

Vw? =wi(p®1+1@pu)+ (1@ p)ora(ws ® A+ A®wl)
+Awl + (u(,u l)wit+wiou(le /L)>U2,3A®3

By definition
Ows = wi(n® 1+ 1@ p) + (1@ p)o2a(wi ® A+ A ©w3)
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The KK3 Structure Relation (revisited)

Vw? =wi(p®1+1@pu)+ (1@ p)ora(ws ® A+ A®wl)
+Awl + (u(,u l)wit+wiou(le ,u)>02,3A®3

By definition
w3 :wg(u®1+1®u)+(M®u)02,2(w§®A+A®w§)

dwh = Awl+ (p(n©1) ®wh +wl @ p(l @ p))or s A%
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The KK3 Structure Relation (revisited)

Vw? =wi(p®1+1@pu)+ (1@ p)ora(ws ® A+ A®wl)
+Awl + (u(,u l)wit+wiou(le u)>02,3A®3

By definition
Ow3 = wi(p®1+1® p) + (1 ® @)ora(ws ® A+ A® w)

dwh = Awl+ (p(n©1) ®wh +wl @ p(l @ p))or s A%

o The KK2 structure relation in terms of G-S differentials is

Vw3 = 0w3 + dwi
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The KK3 Structure Relation (revisited)

Vw? =wi(p®1+1@pu)+ (1@ p)ora(ws ® A+ A®wl)
+Awl + (u(,u l)wit+wiou(le u)>02,3A®3

By definition
Ow3 = wi(p®1+1® p) + (1 ® @)ora(ws ® A+ A® w)

dwh = Awl+ (p(n©1) ®wh +wl @ p(l @ p))or s A%

o The KK2 structure relation in terms of G-S differentials is
Vw3 = 0w3 + dwi
e Other relations with m + n =5 have similar representations
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Structure Relations with m+ n =25

Vw=0
KK - Vuwi = 6w} = swi=0
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Structure Relations with m+ n =25
YVw=0
KK - Vuwi = 6w} = swi=0

KK3: Vw3 =0w}+dws = 0wd+dw?=0
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Structure Relations with m+ n =25
KK - Vuwi = 6w} = swi=0
KK3: Vw3 =0w}+dws = 0wd+dw?=0

KKZ: Vw3 =0ws+dwi =  0w?+dwi=0
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Structure Relations with m+n =05
KK - Vuwi = 6w} Vgo swi=0
KK3: Vw3 =0w}+déws = 0w}+dw?=0
KKZ: Vw3 =0ws+dwi =  0w?+dwi=0

KK} Vwi = 0wl = owl =0
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Structure Relations with m+n =05
KK - Vuwi = 6w} Vgo swi=0
KK3: Vw3 =0w}+déws = 0w}+dw?=0
KKZ: Vw3 =0ws+dwi =  0w?+dwi=0

KK} Vw;i = 0w} = owl =0

e In strict As-bialgebras
D(w} + w3 + w3) = (w3 + w3 + w}) + 0(wj + w3 + w3})
= 0w} + (0w3 + 6w?) + (0w3 + dwi) + 0wt =0
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Structure Relations with m+n =05
KK - Vuwi = 6w} = swi=0
KK3: Vw3 =0w}+déws = 0w}+dw?=0
KK3: Vw3 =0ws+dwl = 0wi+dwi=0
KK} Vw;i = 0w} = owl =0

e In strict As-bialgebras
D(w} + w3 + w3) = (w3 + w3 + w}) + 0(wj + w3 + w3})
= 0w} + (0w3 + 6w?) + (0w3 + dwi) + 0wt =0

o wi, w3, W} satisfy the strict As-bialgebra structure relations iff
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Structure Relations with m+n =05
KK - Vuwi = 6w} = swi=0
KK3: Vw3 =0w}+déws = 0w}+dw?=0
KK3: Vw3 =0ws+dwl = 0wi+dwi=0
KK} Vw;i = 0w} = owl =0

e In strict As-bialgebras
D(ws + w3 +w?) = O(w] +wi + wi) + 0(wj + wi + wf)
= 6w} + (0w} + 0w3) + (Ow3 + dwi) + Owi =0
o wi, w3, W} satisfy the strict As-bialgebra structure relations iff

w3 + w2 + w3 is the deg —1 component of a strict 2-cocycle
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The Degree -1 Component of a Strict 2-Cocycle

swi=0
/]\
w} — Owi+ows=0
/I\
wi  — w3+ dwi=0

/I\

1 1 _
w3 — 8&)3—0

D(w% +w% +wf) =0
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Gerstenhaber-Schack Bialgebras

An Ag-bialgebra (H, u, A,w%,w%,w%) is a Gerstenhaber-Schack

bialgebra if
D(wi+wi+wi)=0
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Gerstenhaber-Schack Bialgebras

An Ag-bialgebra (H, u, A,w%,w%,w%) is a Gerstenhaber-Schack

bialgebra if
D(wi+wi+wi)=0

Application Since the induced operations w},w3,w} =0 on
H ~ H*(QX; Zy) satisfy the strict As-bialgebra structure relations,
D(w3 + w3 + w3) = 0. Therefore
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Gerstenhaber-Schack Bialgebras

An Ag-bialgebra (H, u, A,w%,w%,w%) is a Gerstenhaber-Schack

bialgebra if
D(wi+wi+wi)=0

Application Since the induced operations w},w3,w} =0 on
H ~ H*(QX; Zy) satisfy the strict As-bialgebra structure relations,
D(w3 + w3 + w3) = 0. Therefore

o (H,puH, Ap,wh, w3) is a G-S bialgebra
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H, i, A) is
a G-S bialgebra (H, u, A, w := {w}, w3, w3})
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H, i, A) is
a G-S bialgebra (H, u, A, w := {w}, w3, w3})

e G-S extensions w and w’ are equivalent if there exists an
isomorphism & : (H, u, A,w) = (H, p, A, ") of As-bialgebras
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H, i, A) is
a G-S bialgebra (H, u, A, w := {w}, w3, w3})

e G-S extensions w and w’ are equivalent if there exists an
isomorphism & : (H, u, A,w) = (H, p, A, ") of As-bialgebras

e A G-S extension w is trivial if (H, u, A, w) = (H, u, A)
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H,p, A) is
a G-S bialgebra (H, u, A, w := {w}, w3, w3})

e G-S extensions w and w’ are equivalent if there exists an
isomorphism & : (H, u, A,w) = (H, p, A, ") of As-bialgebras

e A G-S extension w is trivial if (H, u, A,w) = (H, u, A)
Theorem Given a graded Hopf algebra (H Ly A) and multilinear
operations w := {w}, w2, w3}, let z := wi +w? +w}. Then

1. wis a G-S extension iff Dz = 0

2. G-S extensions w ~ W' iff cls(z — ') =0
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H,p, A) is
a G-S bialgebra (H, 1, A, w := {w}, w3, w3})

e G-S extensions w and w’ are equivalent if there exists an
isomorphism & : (H, u, A,w) = (H, p, A, ") of As-bialgebras

e A G-S extension w is trivial if (H, u, A,w) = (H, u, A)
Theorem Given a graded Hopf algebra (H Ly A) and multilinear
operations w := {w}, w2, w3}, let z := wi +w? +w}. Then

1. wis a G-S extension iff Dz = 0

2. G-S extensions w ~ W' iff cls(z — ') =0

Corollary A G-S extension w is trivial iff cls(z) =0
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G-S Extensions of Graded Hopf Algebras

e A G-S extension of a graded Hopf algebra (H,p, A) is
a G-S bialgebra (H, 1, A, w := {w}, w3, w3})

e G-S extensions w and w’ are equivalent if there exists an
isomorphism & : (H, u, A,w) = (H, p, A, ") of As-bialgebras

e A G-S extension w is trivial if (H, u, A, w) = (H, u, A)

Theorem Given a graded Hopf algebra (H Ly A) and multilinear
operations w := {w}, w2, w3}, let z := wi +w? +w}. Then

1. wis a G-S extension iff Dz = 0

2. G-S extensions w ~ W' iff cls(z — ') =0
Corollary A G-S extension w is trivial iff cls(z) =0

Application The G-S extension w of H ~ H*(Q2X; Z3) is non-trivial

TGTS 10-4-2024



Concluding Remarks

The differentials V, 0, and § in the G-S complex express the
interactions of a higher order operation with the underlying dg
Hopf algebra structure, but completely miss its interactions with
the higher order structure.
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Concluding Remarks

The differentials V, 0, and § in the G-S complex express the
interactions of a higher order operation with the underlying dg
Hopf algebra structure, but completely miss its interactions with
the higher order structure.

Consequently, the KK} structure relations cannot be expressed in
terms of the G-S differentials when m+ n > 6.
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Concluding Remarks

The differentials V, 0, and § in the G-S complex express the
interactions of a higher order operation with the underlying dg
Hopf algebra structure, but completely miss its interactions with
the higher order structure.

Consequently, the KK} structure relations cannot be expressed in
terms of the G-S differentials when m+ n > 6.

A potential remedy might be to extend the G-S complex to a
multicomplex with additional differentials defined in terms of the
higher order operations.
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Concluding Remarks

The differentials V, 0, and § in the G-S complex express the
interactions of a higher order operation with the underlying dg
Hopf algebra structure, but completely miss its interactions with
the higher order structure.

Consequently, the KK} structure relations cannot be expressed in
terms of the G-S differentials when m+ n > 6.

A potential remedy might be to extend the G-S complex to a
multicomplex with additional differentials defined in terms of the
higher order operations.

Finally, it would be nice to have a family of spaces X whose
cohomology admits an Ay but not an Ag1-bialgebra structure.
I'll leave this problem for homework!
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